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$\mathbb{C}$ $n\cross n$ $M(n, \mathbb{C})$
$n\cross n$ ( )
$M_{h}(n, \mathbb{C})$ , $M+(n, \mathbb{C})$ $X\in M+(n, \mathbb{C})$ $|\phi\rangle\in \mathbb{C}^{n}$
$\langle\phi|X|\phi\rangle\geq 0$ [1]
1 ([1]) $X,$ $Y\in M_{+}(n, \mathbb{C})$ $p\in \mathbb{R}$ 2
(i) $Tr[(I+X+Y+Y^{1/2}XY^{1/2})^{p}]\leq Tr[(I+X+Y+XY)^{p}]$ for $p\geq 1.$








1 $T,$ $S\in M_{+}(n, \mathbb{C})$ $p\in \mathbb{R}$
(i) $Tr[(T^{2}+ST^{2}S)^{p}]\leq Tr[(T^{2}+TS^{2}T)^{p}]$ for $p\geq 1.$
(ii) $Tr[(T^{2}+ST^{2}S)^{p}]\geq Tr[(T^{2}+TS^{2}T)^{p}]$ for $0\leq p\leq 1.$
2 1
1 [5] $(n\cross n$ $)$ majorization
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2.1 $2\cross 2$
1
1 $T,$ $S\in M_{+}(2, \mathbb{C})$ $p\in \mathbb{R}$
(i) $p\geq 1$ $Tr[(T^{2}+ST^{2}S)^{p}]\leq Tr[(T^{2}+TS^{2}T)^{p}].$
(ii) $0\leq p\leq 1$ $Tr[(T^{2}+ST^{2}S)^{p}]\geq Tr[(T^{2}+TS^{2}T)^{p}].$
1
1 $\alpha>\beta\geq\gamma\geq 0$ $\alpha,$ $\beta,$ $\gamma$
(i) $p\geq 1$ $(\alpha+\beta)^{p}+(\alpha-\beta)^{p}\geq(\alpha+\gamma)^{p}+(\alpha-\gamma)^{p}.$
(ii) $0\leq p\leq 1$ $(\alpha+\beta)^{p}+(\alpha-\beta)^{p}\leq(\alpha+\gamma)^{p}+(\alpha-\gamma)^{p}.$
: $f$ : $f(\beta)\equiv(\alpha+\beta)^{p}+(\alpha-\beta)^{p}-(\alpha+\gamma)^{p}-(\alpha-\gamma)^{p},$ $(\alpha>\beta\geq\gamma\geq 0)$ .
$P\geq 1$ $f’(\beta)=p\{(\alpha+\beta)^{p-1}-(\alpha-\beta)^{p-1}\}\geq 0$ $f(x)\geq f(\gamma)=0$




$S= ( \frac{x}{z} yz), T=(\begin{array}{ll}a 00 b\end{array}), (a, b, x, y>0, xy>|z|^{2}>0)$ .











$m>\sqrt{m^{2}-l_{1}}\geq\sqrt{m^{2}-l_{2}}\geq 0$ $T^{2}+ST^{2}S$ Hermitian





1 $3\cross 3$ majorization [3]
(majorization
[3,4] ) $X\in M_{h}(n, \mathbb{C})$ $\lambda^{\downarrow}(X)=(\lambda_{1}^{\downarrow}(X),$ $\cdots,$ $\lambda_{n}^{\downarrow}(X))$
$X$ : $\lambda_{1}^{\downarrow}(X)\geq\cdots\geq\lambda_{n}^{\downarrow}(X)$ .
$\sum^{k}1^{Xj}\leq\sum^{k}1y_{j}$ $(k=1, \cdots, n-1)$ $\sum_{j=1}^{n}x_{j}=\sum_{j=1}^{n}yj$ $x=(x_{1}, \cdots, x_{n})$
$ _{}y=^{J^{=}}(y_{1}, \cdots,y_{n})J^{=}$ majorize $x\prec y$
2 $S,$ $T\in M_{+}(3, \mathbb{C})$
$\lambda^{\downarrow}(T^{2}+ST^{2}S)\prec\lambda^{\downarrow}(T^{2}+TS^{2}T)$ (1)





$T$ $S$ (2) $\lambda_{1}(T^{2}+$
$TS^{2}T)\leq 1$ $\lambda_{1}(T^{2}+ST^{2}S)\leq 1$ (2)
$T$ $S$ $T$ $S$






$\leq$ $I$ . (4)












$\geq$ $I$ . (5)





Remark 1 $S,$ $T\in M_{+}(n, \mathbb{C})$
$\Vert T^{2}+ST^{2}S\Vert_{\infty}\leq\Vert T^{2}+TS^{2}T\Vert_{\infty},$
$\Vert\cdot\Vert_{\infty}$ opemtor norm ($\max$ norm)
2 $(p.40$ in [4] $)$ $x,$ $y\in \mathbb{R}^{n}$
(i) $x\prec y.$
(ii) $Tr[f(x)]\leq Tr[f(y)]$ for all convex functions $f$ : $\mathbb{R}arrow \mathbb{R}.$
2
3 $S,$ $T\in M_{+}(3, \mathbb{C})$ $p\in \mathbb{R}$
(i) $P\geq 1$ $Tr[(T^{2}+ST^{2}S)^{p}]\leq Tr[(T^{2}+TS^{2}T)^{p}].$
(ii) $0\leq p\leq 1$ $Tr[(T^{2}+ST^{2}S)^{p}]\geq Tr[(T^{2}+TS^{2}T)^{p}].$




1 $n\cross n$ $3\cross 3$ majorization
Ky Fan’s maximum principle
3 (p.35 in [4]) $A,$ $B\in M$ $(n, \mathbb{C})$ $k=1,2,$ $\cdots,$ $n$
$\sum_{j=1}^{k}\lambda_{j}^{\downarrow}(A+B)\leq\sum_{j=1}^{k}\lambda_{j}^{\downarrow}(A)+\sum_{j=1}^{k}\lambda_{j}^{\downarrow}(B)$ . (6)
1 ([5]) $S,$ $T\in M_{+}(n, \mathbb{C})$
$\lambda^{\downarrow}(T^{2}+ST^{2}S)\prec\lambda^{\downarrow}(T^{2}+TS^{2}T)$ (7)
25
: $S,$ $T\in M_{+}(n, \mathbb{C})$
$\sum_{j=1}^{k}\lambda_{j}^{\downarrow}(T^{2}+ST^{2}S)\leq\sum_{j=1}^{k}\lambda_{j}^{\downarrow}(T^{2}+TS^{2}T), k=1,2, \cdots, n-1$ (8)
$\sum_{j=1}^{n}\lambda_{j}^{\downarrow}(T^{2}+ST^{2}S)=\sum_{j=1}^{n}\lambda_{j}^{\downarrow}(T^{2}+TS^{2}T)$ ,
$Tr[T^{2}+ST^{2}S]=Tr[T^{2}+TS^{2}T]$
3 $X,$ $Y\in M_{h}(n, \mathbb{C})$ $k=1,2,$ $\cdots,$ $n$ :
$2 \sum_{j=1}^{k}\lambda_{j}^{\downarrow}(X)\leq\sum_{j=1}^{k}\lambda_{j}^{\downarrow}(X+Y)+\sum_{j=1}^{k}\lambda_{j}^{\downarrow}(X-Y)$ . (9)
$X\in M(n, \mathbb{C})$ 2 $XX^{*}$ $X^{*}X$ $\lambda_{j}^{\downarrow}(XX^{*})=$
$\lambda_{j}^{\downarrow}(X^{*}X)$ $k=1,2,$ $\cdots,$ $n-1$ :









1 $T,$ $S\in M_{+}(n, \mathbb{C})$ $p\in \mathbb{R}$
(i) $P\geq 1$ $Tr[(T^{2}+ST^{2}S)^{p}]\leq Tr[(T^{2}+T$ $T)^{p}].$
$)$ $0\leq P\leq 1$ $Tr[(T^{2}+ST^{2}S)^{p}]\geq Tr[(T^{2}+TS^{2}T)^{p}].$
1 $f(x)=x^{p},$ $(p\geq 1)$ convex $f(x)=x^{p},$ $(0\leq P\leq 1)$ concave
2
1 $T=(I+X)^{1/2}$ and $\dot{S}=Y^{1/2}$
26
2 $X,$ $Y\in M_{+}(n, \mathbb{C})$ $p\in \mathbb{R}$
(i) $P\geq 1$ $Tr[(I+X+Y+Y^{1/2}XY^{1/2})^{p}]\leq Tr[(I+X+Y+XY)^{p}].$
$)$ $0\leq P\leq 1$ $Tr[(I+X+Y+Y^{1/2}XY^{1/2})^{p}]\geq Tr[(I+X+Y+XY)^{p}].$
1
3 (1)
2 Golden-Thompson [6, 7]
1 $v\in(O, 1]$
$Tr[(I+\nu X)^{\frac{1}{\nu}}]\in \mathbb{R}$ $\exp_{\nu}(X)\equiv(I+\nu X)^{\frac{1}{\nu}}$ $\not\in\neq\simeq$-&$arrow\hat{}$
4([2]) $X,$ $Y\in M_{+}(n, \mathbb{C})$ $\nu\in(0,1]$
(i)
$Tr[\exp_{\nu}(X+Y)]\leq Tr[\exp_{\nu}(X+Y+vY^{1/2}XY^{1/2})]$ . (10)
(
$Tr[\exp_{\nu}(X+Y+\nu XY)]\leq Tr[\exp_{\nu}(X)\exp_{\nu}(Y)]$ . (11)
2 (i) 4
4([5]) $X,$ $Y\in M_{+}(n, \mathbb{C})$ $v\in(0,1]$
$Tr[\exp_{\nu}(X+Y)]\leq Tr[\exp_{\nu}(X)\exp_{\nu}(Y)]$ . (12)
: $X_{1}=\nu X,$ $Y_{1}=\nu Y$ and $p= \frac{1}{\nu}$ 2 (i) (10)






(12) X $Y$ Golden-Thompson 1











[12, 13, 14, 15]. $)D_{\nu}(X|Y)$ [8] [9]
$D_{\nu}(X|Y)$ 1
5([8]) $X,$ $Y\in M_{+}(n, \mathbb{C})$ $\nu\in(0,1]$ Bogo $ov$
$D_{\nu}(X|Y) \geq\frac{Tr[X]-(Tr[X])^{1-\nu}(Tr[Y])^{\nu}}{\nu}$ (13)
2([16]) $X,$ $Y\in M_{+}(n, \mathbb{C})$ $\nu\in(0,1]$ $I\leq Y\leq X$
$D_{\nu}(X|Y)\geq$ Tr $[X^{1-\nu}\ln_{\nu}(Y^{-1/2}XY^{-1/2})]$ . (14)
4
5([16]) $\nu\in(0,1] d\in[0, \infty)$
(i) $A,$ $Y\in M_{+}(n, \mathbb{C})$
$d \ln_{\nu}(\frac{Tr[\exp_{\nu}(A+\ln_{\nu}Y)]}{d})=\max\{Tr[X^{1-\nu}A]-D_{\nu}(X|Y)$ : $X\geq 0,$ $Tr[X]=d\}.$
$)$ $X,$ $B\in M_{+}(n, \mathbb{C})$ $Tr[X]=d$
$D_{\nu}(X| \exp_{\nu}(B))=\max\{Tr[X^{1-\nu}A]-d\ln_{\nu}(\frac{Tr[\exp_{\nu}(A+B)]}{d})$ : $A\geq 0\}.$
5 [17] 1
$;_{\nu=1}$ $\nu\in(0,1)$ $\nu\in(0,1)$ $\lim_{xarrow 0}x\ln_{\nu}\frac{a}{x}=$
$0$ $X=0$ $X\neq 0$
(1) $X\in M_{+}(n, \mathbb{C}),$ $Tr[X]=d<\infty$ :
$F_{\nu}(X)\equiv Tr[X^{1-\nu}A]-D_{\nu}(X|Y)$
Schatten $X= \sum_{j=1}^{\infty}\mu jEj,$ $( E_{j}, (i=1,2, \cdots, \infty)$ rank 1







$X_{0}$ ( $Tr[X_{0}]=$ Hermitian $S$ (




$X_{0}^{-\nu}A+ \frac{1}{\nu}X_{0}^{-\nu}Y^{\nu}=cI$ for $c\in \mathbb{R}$ . $c=$ Tr[Xo] $=d$
$X_{0}=d \frac{\exp_{\nu}(A+\ln_{\nu}Y)}{Tr[\exp_{\nu}(A+\ln_{\nu}Y)]}$
$\ln_{\nu}\frac{y}{x}=\ln_{\nu}y+y^{\nu}\ln_{\nu}\frac{1}{x}$ $\ln_{\nu}\frac{1}{x}=-x^{-\nu}\ln_{\nu}x$ :







$g(A) \equiv d\ln_{\nu}(\frac{Tr[\exp_{\nu}(A+B)]}{d}) , d\equiv Tr[X]<\infty$
$\max$ $\equiv$ convex $A_{0}=\ln_{\nu}X-B$
:





$\frac{d}{dx}\ln_{\nu}(x)=x^{\nu-1}$ $\frac{d}{dx}\exp_{\nu}(x)=(1+\nu x)^{\frac{1}{\nu}-1}$ $G_{\nu}(A)$
:





$d=1$ $\nuarrow 0$ 5 [17] Lemma2.1 $( A, B\in M_{+}(n, \mathbb{C})$
) F.Hiai-D.Petz Umegaki relative entropy
[17] Hermitian $A,$ $B$ 2
2 : $I\leq Y\leq X$ ( $A\geq 0$ $B\geq 0$ ) 5













$X=(\begin{array}{ll}2 11 4\end{array}), Y=(\begin{array}{ll}1 00 2\end{array}),$
2 )$I\leq Y\leq X$
$X-Y+I-Y^{-1/2}XY^{-1/2}$ 1
( $\nu=1$ 2
$X=\frac{1}{9}(\begin{array}{ll}2 11 5\end{array}), Y= \frac{1}{3}(\begin{array}{ll}1 00 2\end{array}),$
( 2 )$I\leq Y\leq X$
$X-Y+I-Y^{-1/2}XY^{-1/2}$ 1
30
(II) 2 2 $I\leq Y\leq X$
(14) $\nu=1$ 2
$X= \frac{1}{15}(\begin{array}{ll}10 -3-3 10\end{array}), Y= \frac{1}{10}(\begin{array}{ll}1 11 2\end{array}),$










Tr $[X^{1-\nu}(Y^{-1/2}XY^{-1/2})^{\nu}]+(Tr[X])^{1-\nu}(Tr[Y])^{\nu}\geq$ Tr $[X^{1-\nu}]+Tr[X]$ . (17)
2
$X=(\begin{array}{ll}10 55 5\end{array}), Y=(\begin{array}{ll}1 00 2\end{array}),$














$x^{1/2}\ln_{\nu}(x^{-1/2}Yx^{-1/2})X^{1/2}$ Tsallis relative operator entropy
$K(\nu, h)$ $v\in \mathbb{R}$ $\in(0, \infty),$ $h\neq 1$ Kantorovich :
$K( \nu, h)\equiv\frac{(h^{\nu}-h)}{(\nu-1)(h-1)}(\frac{(\nu-1)}{\nu}\frac{h^{\nu}-1}{(h^{\nu}-h)})^{\nu}$
$K(0, h)=K(1, h)=1$ $\frac{dK(\nu,h)}{d\nu}|_{\nu=}0=-\log S$ ( )
$\nuarrow 0$ ( FHiai-D Petz
[17]. $)$ :
$U(X|Y)\leq-Tr[X\log(X^{-1/2}YX^{-1/2})]\leq Tr[X]\log S$ ( ) $+U$(XIY),
$U(X|Y)\equiv Tr[X(\log X-\log Y)]$ H.Umegaki
[18], $x^{1/2}\log(x^{-1/2}Yx^{-1/2})X^{1/2}$ relative operator entropy [19, 20].
$S($ $)\equiv\neg e1oh\pi-\urcorner h^{B^{1}\neg}-$ Specht’s ratio [21] Specht’s ratio
$M^{\backslash }$ g [22] $F^{-},*\dot{n\mathfrak{l}}$
6
7([16]) $X,$ $Y\in M_{+}(n, \mathbb{C})$ $\nu\in(0,1]$
$D_{\nu}(X|Y) \leq\frac{Tr[(X-Y)_{+}]}{\nu}$ , (19)
$A_{+} \equiv\frac{1}{2}(A+|A|)$ $|A|\equiv(A^{*}A)^{1/2}$
: Chernoff bound K.M.R.Audenaert et.al.
[23]:
$Tr[A^{s}B^{1-s}] \geq\frac{1}{2}Tr[A+B-|A-B|]$ $AB\in M_{+}(n, \mathbb{C})$ and $s\in[O, 1]$ (20)
$\blacksquare$
2 Tsallis relative entropy 2
$X,$ $Y\in M_{+}(n, \mathbb{C})$
$\nu\in(0,1]$
$-Tr[X \ln_{\nu}(X^{-1/2}YX^{-1/2})]\leq\frac{Tr[(X-Y)_{+}]}{\nu}$ , (21)
:
$Tr[X \#_{\nu}Y]\geq\frac{1}{2}Tr[X+Y-|X-Y|]$ , (22)




$X=(\begin{array}{ll}10 77 5\end{array}), Y=(\begin{array}{ll}16 66 3\end{array})$
$Tr[X \#_{\nu}Y]-\frac{1}{2}Tr[X+Y-|X-Y|]\simeq-0.510619$
(21) 2 (18) (19)
( (B), 20740067)
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